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Abstract

In the realm of Explainable Al, classification results are often ex-
plained via counterfactuals (CFs for short), which are (ideally small)
perturbations to an instance that lead to a change of classification
label. Such CFs may serve as explanations for the prediction, pin-
pointing the features that were important. Existing explainability
solutions typically aim at minimizing the distance of CFs from the
original instance so that they are specific to it; and/or maximizing
the diversity of CFs to cover multiple facets of the reasons under-
lying the prediction. In this paper, we note that in pursuing these
aims, state-of-the-art explainability solutions may (and often do)
yield counterfactual explanations that do not correspond to realistic
instances. This limits their applicability and usefulness in practice.
To remedy this, we combine ideas from Explainable Al with ideas
from data management. Specifically, we capture realism of CFs via
logical constraints that hold with respect to a dataset of examples
(e.g. training set); the class of such constraints that we focus on
is that of denial constraints, extensively studied in the context of
relational databases. Algorithmically, we then combine explainable
Al solutions to yield CFs, with ideas from data cleaning that we
adapt to this unique setting, to transform CFs into realistic ones.
Extensive experiments across four datasets validate that our solu-
tions achieve realism with relatively minor compromise in terms
of distance and diversity. They further validate that the dedicated
optimizations that we have developed to speed up the search for
CFs are indeed highly effective.

CCS Concepts

« Information systems — Data management systems; « Com-
puting methodologies — Machine learning algorithms.
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1 Introduction

Counterfactuals (CFs) explain an ML prediction made by a given
model for a given instance, through perturbations that yield a
change to the assigned label. Intuitively, these perturbations pin-
point the features that were significant for the original predic-
tion. Indeed, there is a large body of research on CFs, both in
terms of modeling (which CFs are more useful for explainability)
and in terms of algorithms (how to efficiently find highly useful
CFs) [24, 26, 46].

Consider, for example, the NY Housing dataset [20], a snippet of
which appears at the top of Figure 1. It includes information on real
estate assets, such as their type, number of bedrooms/bathrooms,
square footage, sublocality (i.e. neighborhood), etc. A natural classi-
fication task is to decide whether an asset’s price exceeds 1M USD.
If the model outputs “no” for a particular asset, CFs could identify
reasons: perhaps the same asset in a different neighborhood would
exceed 1M USD? Perhaps a slightly larger square footage would
pass the bar? Etc. Among many applications, the availability of
such explanations promotes transparency and accountability, and
allows identifying bugs and biases in the model. [36, 46, 47]

To be useful, CFs should be in the proximity of the original in-
stance: continuing our example, price estimates for very dissimilar
assets are uninformative. They should also ideally be diverse: as
exemplified above, there are many possible reasons for the clas-
sification, and diverse CFs could cover much of these grounds.
Furthermore, they should be realistic: an explanation stating, for a
Manhattan condo, that having 10 bedrooms would push the price
over 1M USD is not very useful, if there are no 10-bedroom condos
in Manhattan.

Several concrete notions for capturing proximity (i.e. distance
functions) have been proposed, and the problem of finding CFs that
optimize them has been extensively investigated [15, 36, 42, 47].
This in particular includes standard measures such as L0 (number of
features that have changed) or L1 (magnitude of change), where a
common variant normalizes per-feature change magnitudes before
aggregation. Likewise, the problem of finding diverse CFs has been
extensively studied [15, 36].
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By contrast, capturing realism is much more subtle, and here
there is a wide range of approaches ranging from restricting CFs
to be members of an explicitly given dataset (e.g. the training set)
to learning a complex model of what is realistic (see Section 6 for
further discussion). Recent work [4], in a different context of ad-
versarial Machine Learning, has proposed to capture realism via
database constraints, and specifically Denial Constraints (DCs) [10].
Originally introduced to capture data integrity, these logical con-
straints were shown in [4] to strike a good balance between allowing
for inference and correctly capturing realism. To illustrate, Table 1
shows example DCs for 3 standard ML benchmarks. The first two
are unary DCs: they capture constraints, in the form of negated con-
junctions, over individual tuples/instances, e.g. that no individual
younger than 17 holds a Doctorate, or that Manhattan apartments
do not have 10 or more bedrooms. The third is an example of a
binary DC (universally quantified over pairs of tuples, rather than
a single tuple), reflecting in this case that tax child exemption laws
are consistent for individuals in every state. To capture realism
of individual instances (in our case, of CFs), we can think of such
binary DCs as a compact representation of many unary ones: given
an instance, it will be realistic only if it matches the child exemption
status of individuals with the same characteristics in the same state.
Using DCs as our basis for capturing realism also has the advan-
tage that their inference/mining from datasets has been extensively
studied, and out-of-the-box solutions such as FastADC [48] may
be employed.

Our work focuses on tabular data, the primary application do-
main for CF explanations [24, 46] and the setting of all major CF
methods. A separate line of work studies CFs for images [23, 25],
where realism is captured via generative or natural-image priors;
our constraint-based notion is specific to relational data, and ex-
tending it to unstructured domains is left to future work.

In this paper, we study for the first time the problem of optimizing
distance and diversity of CFs while constraining them to adhere to
DCs. This combination has not been studied before (see Section 6
for related work overview); in particular, state-of-the-art solutions
for diverse CFs such as DiCE [36] are agnostic to constraints and
indeed often yield CFs that violate them (as we demonstrate in
Section 5).

Algorithmically, finding realistic, diverse, and close CFs requires
addressing several layers of complexity. First, even without realism
constraints, generating optimal CFs is intractable unless P = NP
for common model families such as Neural Networks and Random
Forests [17]. Second, we show that projecting a tuple onto the
space of realistic tuples (namely those consistent with a given set of
DCs) is also intractable unless P = NP, even for unary DCs. Third,
realism may, and often does, conflict with both the flip-of-label and
with the diversity aims.

Our algorithmic solution is then a perturb-and-project frame-
work that repeatedly iterates between perturbation, namely con-
straints agnostic CF generation (we incorporate DiCE [36], a state-
of-the-art method for diverse CFs) and projection onto the space of
DC-consistent tuples, which is essentially an optimization-under-
constraints problem. A difficulty is that a straightforward use of
optimizers such as SMT solvers [16] for the latter problem is prohib-
itively inefficient. This is due to two unique features in our setting:
(1) we need to invoke the solver many times in a single execution
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Table 1: Example Denial Constraints

Dataset | Example Denial Constraint

Adult —{ty.age < 17 A ty.education = “Doctorate”}
NY —{to.sublocality = “Manhattan” A fy.beds > 10}
Tax —{tp.State = ¢;.State A fo.HasChild = t;.HasChild A

to.ChildExemp # t;.ChildExemp}

of the CF-search solution. This is both because we look for multiple
diverse CFs and because of the above mentioned conflict between
realism and flip-of-label, requiring multiple iterations; (2) Binary
DCs must be checked against each relevant tuple in the database,
resulting in a large number of assertions for the solver to evalu-
ate. We address this through several dedicated optimizations that
we have developed: pre-processing and caching of solver instances;
a dedicated constraint-pruning technique, inspired by works in
data cleaning [12, 41], that identifies the relevant subset of data-
base tuples (suspect set); and the incorporation of explicit diversity-
based constraints to avoid redundant projections. The framework
is model-agnostic: the projection step, our core contribution, treats
the classifier as a black-box labeling oracle.

We have conducted an extensive experimental study over four
standard benchmarks (Adult, NY Housing, Tax, and Census). Our
results show that 55.9-100% of the CFs produced by DiCE violate
Denial Constraints, while our solutions achieve zero violations,
namely all CFs that we generate are realistic. This realism comes
at only a modest cost: proximity and diversity degrade by under
10% and ~3% respectively on most datasets, compared to DiCE CFs.
In terms of execution time, the constrained problem is naturally
hard, and while a direct SMT-solver formulation is the natural exact
approach, it does not scale with over 18,000 seconds for a single CF
projection on Census. Our optimizations reduce that by up to 63%
while preserving the same guarantees.

Summary of Main Contributions. Our main contributions are:

(1) We formalize the problem of generating diverse counterfac-
tual explanations that adhere to Denial Constraints, combin-
ing for the first time the goals of proximity, diversity, and
DC-based realism (Section 2).

(2) We develop a perturb-and-project framework with multiple
solver optimizations, including constraint caching, suspect-
set filtering, and diversity-aware projection (Sections 3-4).

(3) We show that the projection subproblem—finding the nearest
DC-consistent tuple—is NP-hard (Section 4).

(4) We conduct an extensive experimental evaluation on four
benchmarks, demonstrating that our approach eliminates
constraint violations while maintaining proximity and diver-
sity comparable to unconstrained baselines (Section 5).

2 Model

We next review basic notions of databases, constraints, and coun-
terfactuals from previous work, leading to our problem statement.
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ID Type Beds Bath Sqft Subloc.

d; Condo 2 2 1400 Manhattan

d,  Condo 3 2 704  Brooklyn

d; Condo 2 4 1568  Staten_Island
dy House 5 6 4357 NY

Denial Constraints:

DC1: Vi, t2. = (. Type = t,. TypeAt;.Beds > #,.BedsAt;.Bath > #;.BathA
t.5qft < t,.Sqft)

DC2: Vt. =(t.Subloc. = ‘Manhattan’ A t.Beds > 4)

DC3: Vt. =(¢.Subloc. = ‘Manhattan’ A ¢.Bath > 4)

Figure 1: Sample tuples and denial constraints from the NY
Housing Dataset [20]. Locality attribute omitted for brevity.

2.1 Databases and Denial Constraints

A relational schema [2] consists of a relation name R along with
a set of attributes {A1, ..., An}, where A; is associated with a do-
main dom(A;). A tuple t maps each attribute A; to a value t.A; €
dom(A;j). A schema in general may include multiple relations, but
we focus here on the single relation case.

Integrity Constraints [2] are often imposed to capture data sound-
ness. We focus here on a particularly expressive formalism for de-
scribing such constraints, namely Denial Constraints (DCs) [10, 41].
DCs are universally quantified first order logic over tuples over
a particular relation, reflecting constraints over tuples that may
(co-)occur. Specifically, a binary DC over sch(R) is a first-order for-
mula: 0 = Vi1, t, € R =(P; A ... APy), where each P; is a predicate
of the form t;.A o t;.A or t;.A o a such that (1) A € sch(R), and
(2) a € dom(A), and (3) o € {= #,>, <, >, <}. Similarly, an unary
DC has the form o =Vt € R =(P; A ... A P,,) where each P; has
the form t.A o a with a and o as before. For a given binary DC
dc =Vt tp € R =(Py A ... A Pp) and a pair of tuples ¢, " we use
dc[t, t’] to denote the instantiation of =(P; A ... A Pp,) with values
from t and t’, and we then say t,t" |= dc if dc[t,t'] evaluates to true
and t,t’ £ dc otherwise. We similarly define ¢ |= dc and ¢t |~ dc for
unary DCs. We overload notation for sets of DCs (all must hold)
and for relations (every tuple/pair must satisfy the DCs).

Example 2.1. The NY housing dataset [20] includes information
on properties in New York and is commonly used as a benchmark in
ML research, where the prediction goal is to decide whether a prop-
erty is valued at over $1M. Figure 1 shows the dataset schema along
with 4 sample tuples. It also shows three example DCs with respect
to it: DC1 is a binary DC intuitively stating that for properties of
the same type, having more bedrooms and more bathrooms implies
at least as much square footage. DC2 and DC3 are unary DCs re-
flecting Manhattan’s physical space constraints, namely properties
located there do not have more than 4 bedrooms or bathrooms. In-
deed, every pair of tuples shown in Figure 1 satisfies DC1, and every
individual tuple satisfies DC2 and DC3. We will later (Example 2.4)
show examples of cases where DCs are not satisfied.

2.2 Counterfactual Explanations

Given a classifier M and a tuple ¢ with label M(t), a counterfactual
(CF) is a tuple cf such that M(cf) # M(t) [47]. Intuitively, a CF
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Table 2: Counterfactuals for tuple t. Changed values shown
with arrows. p;_; are generated by DiCE perturbation;
Ours;_; are our realistic results after projection.

ID Type Beds Bath Sqft Subloc. Violation
t Condo 1 1 679 Manhattan —
Ours; Condo 1 —3  —1568 Manhattan —

Ours; Condo —4 1 —2365 Manhattan —
Ours; Condo —4 —2  —3075 Manhattan —

P1 Condo 1 1 —1750 Manhattan DC1
P2 Condo —4 1 —2365 Manhattan —
Ps3 Condo —6 —3 —4103 Manhattan DC1, DC2

identifies (preferably small) changes that flip the model’s predic-
tion, revealing influential features. Beyond flipping classification,
CFs should satisfy proximity (minimal distance), diversity (var-
ied explanations), and realism [15, 36]. We next overview specific
measures/notions to capture each desideratum.

Proximity (Distance Functions). To capture proximity, one needs
to define a distance function over tuples. Following common prac-
tice [15, 36, 47], we separately quantify distance for categorical
and numeric attributes and then discuss their combination. For
categorical attributes, the common practice is to count the number
of changes, namely to use Lo:

disteqr (1, 1) = Z 1(t.A # t'.A) 1)
A€attrear
For numeric attributes, by contrast, the magnitude of change should
be accounted for. A common way to normalize is based on the Me-
dian Absolute Deviation (MAD) [36, 47], which resembles standard
deviation but is considered more robust [33]:

MAD (A, R) = median({|¢.A — median({t.A:t € R})| | t € R}) (2)

The numeric distance is then defined as:

Z [t.A—t'.A| )

distnum(t, 1) = MAD(A, R)

A€attrnum

Example 2.2. Consider tuple ¢ from Table 2 and tuple d4 from
Figure 1. First, distcq; (t, ds) = 2 since both Type (Condo vs. House)
and Sublocality (Manhattan vs. NY) differ. To compute numeric
distance, we first compute the MAD values (over the dataset in
Figure 1) to be used to normalize. We have MAD(Beds) = 1.0,
MAD(Bath) = 1.0, and MAD(Sqft) = 608.5; the latter indicates that
square feet varies a lot. We then have:

[1-5]

|1-6] , [679-4357|
1.0 +

distpum(t,dg) = 10 608.5

+ =4+5+6.04 =15.04

The numeric and categorical distance may then be aggregated
in different ways to form an overall distance function over tuples.
A common choice is to simply use their (possibly weighted) sum as
done e.g. in the implementation of [36]:

distagy(t,1') = disteqr (£,1") + distpum (£, 1) (4)

We will also need to use a distance between a set of tuples and a

. . , o distagg (Lt
given tuple, and for that we define dist g (T,t") = %,

overloading notation.
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Our framework is robust to the choice of distance function and
we discuss alternatives in Appendix C.5.

Diversity. We aim to find multiple CFs that are diverse, thereby
covering different reasons for the classification [47]. A common
diversity measure is that of determinantal point process (DPP) diver-
sity [36]. Let C = {t;,...,t, } be a set of CFs, and let K be a matrix

. . _ 1 .
with entries K; j = T di5tagg (1)) We define:

div(C) = det(K) (5)

Intuitively, when CFs are very similar to each other, namely
distagy(t], tj() values are typically small for i # j, the off-diagonal
entries K; ; are close to 1 and the matrix has low determinant.
Conversely, when they are very diverse (namely large distances),
off-diagonal entries approach 0, and K approaches the identity
matrix with det(K) — 1 [32].

Example 2.3. Consider two sets of tuples corresponding to the
NY-housing schema:

C1 = {(Condo, 2, 2, 1300, Queens), (Condo, 3, 2, 1200, Queens) }
C; = {(Condo, 1, 1, 679, Manhattan), (House, 3, 2, 1824, Brooklyn) }

In Cy, tuples have the same values in the type, bath, and sublo-
cality attributes, differing only slightly in the beds and sqft at-
tributes. Conversely, in C,, tuples differ across all attributes. Indeed,
div(C) = 0.786 < div(Cy) = 0.983.

Scoring function. Since distance and diversity are often nega-
tively correlated, a common practice [15, 36] is to balance them
via a scoring function. Let wy, w, > 0 with w; + w; = 1 be weight
parameters. Given a tuple ¢ and a set C of CFs for it (w.r.t. a given
model) we define:

score;(C) = wy - div(C) — wy - distagq(C, t) (6)

Constraints. We impose two kinds of hard constraints on CFs.
The first is that the CFs do not modify particular (pre-defined)
attributes called immutable attributes [45, 46], thereby focusing the
search on desirable attribute modifications. The second type of
constraints captures realism: the resulting CF instance should be
consistent with a given database and a given set of DCs, namely
that its inclusion in the database would not violate any DCs.

Example 2.4. Consider a classifier M predicting whether a prop-
erty exceeds $1M, and the tuple ¢ from Table 2. Assume that M(¢) =
0, namely M assigns label 0 to the corresponding instance. Further
assume that py, ps, p3 in Table 2 capture 3 CFs w.r.t. M and ¢, namely
M(p;) =1 # M(t). In terms of constraints, we impose the follow-
ing: (1) sublocality is immutable, reflecting that we wish to examine
the effect of other attributes while keeping the neighborhood intact;
(2) the resulting CFs should be consistent with DC1 and DC2 with
respect to the dataset in Figure 1. The CF p,, for instance, fails to
adhere to these constraints: it is inconsistent with both d; and d,
with respect to DC1; intuitively, there is a mismatch between its
number of rooms and square footage information. ps; is invalid in
a similar way based on DC1, and another reason for its invalidity
is captured by DC2: it corresponds to a property with 6 bedrooms
whereas DC2 captures a constraint that no property may have more
than 4 bedrooms.
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Problem Statement. We next “put it all together” to obtain the
problem statement to be studied in the sequel. For ease of presen-
tation, we focus on binary classification but the construction is
generalizable to the multi-class setting where one defines CFs with
respect to a target label. We then define the problem as follows:

Definition 2.5 (Diverse Realistic Counterfactuals). Given a relation
R over a schema S = {Ay,...,An}, a classifier M, a set of DCs X
such that R |= X, a subset 7 C S of immutable attributes, a natural
number k, and a tuple t € R, we aim to find a set C of size k that is
a solution to:

mgx score;(C)

st. VefeC: cf edom(Ay) X...xdom(Am), M(cf) # M(t)
VefeC: RU{cf} EXZ, VAeTl: cfA=tA

Intuitively, we aim to find a set of k CFs for a specific tuple ¢
such that each one is within the domain of the schema attributes,
it has identical immutable attributes to ¢, and when added to the
database, each CF does not cause DC violations. This set of CFs
should maximize the score function across all sets that adhere to
these criteria.

Example 2.6. Consider the set C = {Ours;_3} from Table 2. Each
CF satisfies the constraints: immutable attributes are preserved
(Sublocality remains Manhattan), and R U {cf} |= DC;_; for each
cf € C. With distay(C,t) = 5.72, div(C) = 0.88, and weights
wy = % Wy = % (a standard choice following [36]), the overall score
is score;(C) = %-0.88— 1 -5.72 = —1.32.

3 Generating Realistic Counterfactuals

Algorithm 1 presents our framework for finding realistic and diverse
CFs. We maintain the collection of CFs found so far (Line 1) and
a candidate queue (Line 2). We iterate (Line 3) until sufficiently
many CFs are found. In each iteration, we pop a candidate (Line
4) and invoke PERTURB (Line 5) to generate k CFs consistent with
immutable attributes, ignoring DCs for now. As such, the resulting
CFs may violate DCs. For that, we invoke a PROJECT function (Line
7, details below) whose goal is to find a tuple p’ in the proximity
of each CF p. The resulting p’ may or may not be a CF. If it is
(Line 9), we add it to the collection of realistic CFs; and otherwise
(Line 11) we add it to the queue for the next iteration. This process
may result in more than k CFs and the final step is to greedily
choose k CFs out of them (Line 15, details below). Figure 2 includes
a schematic illustration of this iterative process. We next detail
the implementation of PERTURB, PROJECT, and CHOOSEK-DIVERSE.
PERTURB is fairly standard and CHOOSEK-DIVERSE is fairly simple,
and we describe both here. By contrast, PROJECT requires new
development and is described at a high-level here and in more
detail in the next section.

Perturbation Phase (Line 5). The PERTURB function is assigned
with outputting k diverse CFs in the proximity of a given tuple,
which are further consistent with the immutable attributes (it is
agnostic to DCs). This sub-problem has been studied in the literature
and shown to be NP-hard for models such as Neural Networks and
Random Forests (see e.g. [17]). On the other hand, effective heuristic
solutions have been developed, and a particularly notable such
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Figure 2: Perturb-and-project for CF generation. Hatched
nodes: label 0; solid green: label 1; bordered: final realistic CFs.
Dashed blue edges: perturbation; solid orange: projection.

Algorithm 1: Perturb-and-Project for Realistic CFs

input :Original tuple ¢, number of CFs k, classifier M,
relation R, set of DCs X, immutable attributes set 7
output:Set C of k realistic counterfactuals
1C«0
2 L« [t] // FIFO: pop front, append back
3 while |C| < k and L # 0 do

4 t' « L.popFirst()

5 P « PErRTURB(t',M, k,T)
6 for eachp € P do

7 p’ < ProjecT(p, R, 2, 1)
8 if M(p’) =1 then

) | c—cuip}

10 else

11 ‘ L.append(p’)

12 end

13 end
14 end

15 return CuooseK-D1veRse(C, t, k)

solution is DiCE [36]. DiCE finds CFs for Neural Networks based
on backpropagation, jointly optimizing for classification confidence,
distance from the input, and diversity. Other solutions are discussed
in Section 6.

Example 3.1 (Perturbation Phase). We have trained a Neural Net-
work model M over the NY housing dataset and it classifies the
tuple t from Table 2 to 0 (predicted price below $1M). Invoking
DiCE over ¢ and asking for k = 3 CFs, we obtain ps, pz, and p; from
Table 2. They are CFs for ¢, namely accepted by the model, yet as
mentioned above, two of them violate DCs.

Projection Phase (Line 7). The main novelty of our solution with
respect to DICE lies in the incorporation of the realism require-
ment, captured through DCs. To this end, the PROJECT function
is geared towards projecting its input onto the space of realistic
tuples, namely, to find a tuple in the proximity of the input tuple,
that further satisfies the constraints. We provide details on our
implementation of PROJECT in Section 4, and for now just illustrate
its input and output.

Example 3.2 (Projection Phase). Continuing Example 3.1 and re-
ferring to tuples from Table 2, p; violates DC1 with respect to d;
and d, from Figure 1, as well as with other tuples in the dataset
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not shown here for brevity. Intuitively, for a (1,1,Sqft) condo to
satisfy DCI1, its Sqft must be at most the smallest Sqft among all
condos with beds>1 and baths>1. This quantity is 704 and p; is
projected to obtain (1, 1, 704). This however flips the label back to
0, leading to another iteration of perturb-and-project (see Example
3.3). By contrast, p, and ps are projected to Ours; and Ourss respec-
tively, thereby satisfying the DCs while, in this case, maintaining
the “accept"” label.

Greedy Selection (Line 15). The iterative process may yield more
than k valid candidates, since each DiCE invocation produces k new
branches (see Algorithm 1 for illustration). The final phase is then
to select a subset of size k out of the obtained candidates set. This is
done in a greedy fashion: we repeatedly choose the candidate whose
inclusion in the set maximizes the overall score (with respect to the
score function defined above, aggregating proximity and diversity
scores) among all such choices.

Example 3.3 (Complete Pipeline). Continuing Example 3.2, our
candidates set C = {Ours;, Ourss} and the queue L = {(1,1,704)}.
This single tuple occupying L is popped and fed as input to DiCE,
which yields 3 new candidates. Each of them is again projected
onto the space of valid tuples, and two of the resulting projections
are accepted by the model, namely Ours;=(1,3,1568) and a fourth
candidate (4,1,2393). With four realistic CFs, greedy selection op-
erates by proximity and diversity, choosing the best 3 which are
{Oursy, Oursy, Ourss }.

4 Projecting over Denial Constraints

The algorithm in Section 3 invokes three functions as subroutines,
for perturbation, projection, and greedy selection. Implementations
for perturbation and greedy selection were described in the previous
section, and here we detail the projection algorithm. Specifically,
we show that the problem is NP-hard; present a solution based on
SMT solvers [16]; and provide multiple crucial optimizations.

Problem Statement and Intractability. Given a tuple t to project,
a set 2 of DCs and a relation R, the projection problem is:

n};n distage(t, ') st. RU{t'} EZ, VAeIl:fA=tA
)
We show that, unless P=NP, there is no hope for an exact PTIME
solution, since even checking for satisfiability of DCs is already
intractable. For that, we define DEC-PROJ as the problem of deciding,
given ¥ and R as above, whether there exists a tuple ¢’ such that
RU{t'} |= Z. We show (proof in Appendix A):

PROPOSITION 4.1. DEC-PROJ is NP-hard, even if ¥ contains only
unary DCs.

We consequently focus on solver-based solutions that do not
guarantee PTIME convergence but perform well in practice.

“Vanilla” Solver-Based Solution. Algorithm 2 presents a baseline
solution for the projection problem based on an SMT solver. We
first check for infeasibility (Lines 1-2): if ¢ violates a DC involving
only immutable attributes, it cannot be fixed and we return L
to signal this. Otherwise, the solver is initialized with variables
corresponding to the schema (Lines 4-5). Then, for each DC ¢ € X
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Algorithm 2: Vanilla Projection

Algorithm 3: Pre-processing for Optimizer Construction

input :¢: tuple to project, R: relation, X: DCs, J:
immutable attributes
output:t’: projected tuple, or L if infeasible
// Check for immutable violations
for each o € ¥ do
‘ if attr(o) € I and 3t; € R : (t,t;) |£ o then return L
3 end

[

4 opt « CreateOptimizer()
vars < CreateVariables(sch(R))
// Add DC satisfaction constraints
for each o € 3, eacht; € R do
bound « InstantiateDC (o, t;)
opt.add(= A (4,0,0p) cbouna (vars[A] o, 0))
9 end
// Fix immutable attributes
10 for each A € I do
‘ opt.add(vars[A] = t.A)
12 end
// Set objective and solve
13 opt.minimize(distagq(vars,t))
14 if opt.solve() = SAT then return opt.getModel(vars)
15 return L

5

IS

o

1

oy

and each tuple t; € R, we instantiate ¢ with values from t; to
encode “forbidden regions” that the projected tuple must avoid
(Lines 6—-8). We then create a boolean expression whose form is the
negation of the conjunction of these forbidden regions. We further
(Lines 10-11) add boolean constraints capturing that immutable
attributes must be fixed to their values in ¢, set the objective to
distance minimization and run the solver, returning the solution it
found or L if none was found.

Example 4.2. Consider projecting tuple p; from Table 2 with
immutable attributes 7 = {Type, Subloc}. For DC1 and tuple d;
from Figure 1, instantiation yields the bound {(Type, Condo, =
), (Beds, 2, <), (Bath, 2, <), (Sqft, 1400, >)}. Similar bounds are gen-
erated for all |R| - |Z| tuple-DC pairs, and we conjoin over all of
them.

4.1 Optimizations and Variations

There are multiple problems slowing down Algorithm 2 and specif-
ically its use in our perturb-and-project framework, as follows:

e The framework involves multiple iterations with many
project invocations, with the same DCs but with differ-
ent choices of tuple ¢ to project. This means that solver ini-
tialization and DCs instantiations are repeated across these
invocations.

e The number of DC instantiations is O(|R| - |2|), one for each
tuple in R and DC in ¥, which may be very large.

e Multiple projections of different tuples may yield the same
or similar solutions, which is problematic both in terms of
effective search space exploration and in terms of diversity
of the final result.

input :R: relation, : DCs, 7: immutable attributes, cache:
global optimizer cache
output: (opt,vars): configured optimizer and variables
1 if cache[I] is empty then
2 opt « CreateOptimizer()
3 vars « CreateVariables(sch(R))
4 for eacho € 3, each t; € R do

5 bound < InstantiateDC(o, t;)

6 Opt~add(_‘ /\(A,u,op)sbound(oars [A] Cop U))
7 end

8 cache[I] « (opt,vars)

9 end

o return cache[7 ]

=

We next present an optimization or variant accounting for each of
these points.

Pre-processing with Optimizer Caching. To account for the re-
peated initialization step, Algorithm 3 constructs and caches opti-
mizer instances keyed by the immutable attribute set 7. The key
observation is that DC satisfaction constraints (Lines 6-8) depend
only on R and X, not on the specific tuple being projected. Pre-
processing thus generates all O(|R| - |Z|) constraints upfront; once
cached, projecting any tuple requires only adding immutable con-
straints (Lines 10-11) and the distance objective (Line 13).

Suspect Set Filtering. Pre-processing trades upfront cost for uni-
versal reuse. But what if we only need CFs for a few tuples, or many
tuples share the same immutable attribute values? The next opti-
mization follows the opposite approach: rather than pre-processing
all constraints, it builds an optimizer on-demand containing only
constraints relevant to the specific tuple’s immutable values. This
approach is inspired by suspect set techniques used in the different
context of constraint-based data cleaning [12].

Definition 4.3. Given tuple ¢, immutable attributes 7, relation
R, and DCs set %, let o7 denote predicates in ¢ involving only
attributes in 7. A tuple t’ € R is a suspect w.r.t. t, I, o if t, t’ satisfy
all predicates in o7. Namely:

suspect(t,R,0,1) = {t' € R | Vpeo, (t,t) E p}

The key insight is that if # and ¢’ disagree on an immutable pred-
icate, no modification to mutable attributes can cause a violation
and we thus need no constraints corresponding to ¢’. To implement
this optimization, we modify Lines 6-8 of Algorithm 2: instead of
iterating over all tuples in R, we iterate only over suspect tuples,
potentially reducing the number of constraints.

Example 4.4. Consider projecting p; from Table 2 with 7 =
{Type, Subloc}. For DC1, which compares properties of the same
type, suspects must match p;.Type = Condo. From Figure 1, only
{d1,d,,ds} are condos, so we can avoid generating a constraint
corresponding to dy.

In a sense, the two optimizations we have seen thus far are
mutually exclusive: the first builds many constraints but does it at
pre-processing time, namely before getting ¢ as input; the second
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reduces the number of constraints by focusing on instantiations
relevant to t, yet this can of course be done only when we have ¢
in hand. We can nevertheless combine these two ideas as follows:
suspect-set filtering depends only on immutable attribute values,
and we thus cache the optimizer’s constraints based on these values,
and thereby only compute new instantiations when these values
change. In particular, this allows reuse within a tuple’s perturb-
and-project loop (Algorithm 1) since immutable attributes never
change.

Diversity Constraints. A third optimization, which is orthogonal
to the first two, relates to the avoidance of generating similar tuples
in the perturb-and-project process. To this end, given the set of
previously found projections P = {py, ..., pr—1 } and a threshold y,
we add to the optimizer before Line 13:

VpeP:[{A¢ I :|t'.A-p.Al>MADAR)} =y

This requires each new projection to differ from every previous one
by more than one MAD unit in at least y mutable attributes.

5 Experiments

We present an experimental evaluation of our solutions. Our main
findings, across multiple datasets, are as follows:

e Realism: Our solutions achieve realism (zero constraint viola-
tions), whereas 55.9-100% of the CFs produced by DiCE violate at
least one constraint, and some violate many constraints (Table 4).

o Distance and Diversity: we are able to achieve comparable dis-
tance and diversity of CFs to that achieved by DiCE, while also
achieving realism (under 10% proximity and ~3% diversity differ-
ence on most datasets, see Figure 3 and Table 5). Our diversity
optimization significantly improves diversity (Table 5).

o Execution Time: Our optimizations for projection are crucial
and outperform the vanilla use of solvers by up to 63x (Figure 4).
Compared to DiCE, our methods incur 1.1-10.5x overhead, as a
cost of realism.

Additional experiments (Figure 5) show that our solver-based
projection fares well compared to optimal results (when available)
and alternatives such as closest-instance retrieval. The appendix
also evaluates alternative distance functions (Appendix C.5).

5.1 Experimental Setup

We evaluate on four datasets: Adult-Income [31], a demographic
dataset for income prediction; NY-Housing [20], containing New
York real estate listings for price classification; Tax [48], a syn-
thetic dataset common in DC research; and Census-Income [30],
an extended demographic dataset. Characteristics are summarized
in Appendix B. For each dataset, we designate a set of immutable
attributes, as we require specifying which attributes cannot be mod-
ified; choices per dataset are detailed in Appendix B. Binary DCs are
mined offline using FastADC [48]; for Adult and NY, we additionally
craft unary constraints based on domain knowledge (see Appen-
dix B.2). We generate k = 5 CFs per tuple using weights w; = % and
wy = % (Equation 6), following DiCE [36]. We use Z3 [16] as the SMT
solver. Results are averaged over 10 tuples per dataset across 10 runs.
Beyond DiCE [36], we compare against Vanilla (unoptimized SMT
projection), Exhaustive (brute-force optimal), and Best-in-Dataset
(closest dataset tuple respecting immutable attributes, covering
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retrieval methods such as NICE [9] and FACE [40]), as well as Holo-
Clean [41] (Appendix C.4) and the plausibility-aware methods of
CARLA [38] (Table 3). We omit causal-recourse methods, which
require unavailable structural causal models. Implementation and
hardware details appear in Appendix B.3.

5.2 Main Results

Realism. Table 4 quantifies constraint violations. We report the
average number of violated DCs per CF (Avg. Viol.), unary con-
straint violations (Unary Viol.), the number of database tuples con-
flicting with each CF via binary DCs (Tuple Conf.), an inconsistency
measure adapted from [34] and the percentage of CFs violating at
least one constraint (Unreal. %). Our solutions yield zero violations,
while DiCE produces significant violations: 100% of CFs outputted
by DiCE are unrealistic for Adult and Tax, 97.1% for NY, and 55.9%
for Census. These CFs in fact conflict with many tuples: up to 2,300
tuple conflicts per CF.

Plausibility-Aware Baselines. We ask whether methods that al-
ready model the data distribution produce DC-consistent CFs. We
evaluate CARLA’s [38] plausibility-aware methods on Adult: CEM
[18], CCHVAE [39], CRUDS [19], and FeatureTweak [44] (Grow-
ingSpheres and CLUE produced no CF). Among domain-valid CFs
(with correct one-hot categories and typing), every method, includ-
ing the VAE-based CCHVAE and CRUDS, violates at least one DC
in 100% of cases, with 3.5 to 4.1 violations on average (Table 3).

Table 3: CARLA plausibility-aware methods on Adult. Even
generative methods that model the data distribution violate
DCs.

Method Type CFs Found | Mean Viol. | Viol. %
CEM [18] gradient 9/10 411 100
CCHVAE [39] VAE 10/10 3.90 100
CRUDS [19] CSVAE 8/10 3.50 100
FeatureTweak [44] | tree 3/10 3.67 100
Ours DCs 10/10 0.00 0

Proximity. Figure 3 compares the proximity achieved by DiCE
and by our solutions. Our method, Ours, combines perturb-and-
project (Algorithm 1) with the projection optimizations of Section 4,
including diversity constraints. We also evaluate Ours-Div, a vari-
ant without diversity constraints optimization, discussed further in
the ablation study. We report two metrics: the combined distance
function dist,g; (Equation 4), which is the objective both DiCE and
our method directly optimize, and L0 distance, counting modified
attributes (categorical and numerical). Our methods achieve compa-
rable proximity despite enforcing realism: dist,4, increases under
10% on Adult and Tax, up to ~31% on Census (9% without diversity
constraints), with similar LO trends. On NY, we achieve 36-45%
lower distq4q as DiCE overshoots into invalid regions. These gaps
to DICE are statistically significant (paired Wilcoxon, p < 0.001)
but small, reflecting a consistent, modest cost of realism.

Diversity. We measure diversity using the Determinantal Point
Process (DPP, Equation 5). Table 5 shows that Ours achieves DPP
scores comparable to DiCE: only 1.7% lower for Adult, 0.6% lower
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Table 4: Constraint violations for DiCE. Our solutions yield
zero violations.

Dataset | Avg. Viol. | Unary Viol. Tuple Conf. | Unreal. %
Adult 4.16+0.38 0.82+0.39 778.58+247.03 100.0
NY 0.71+£0.49 0.33+0.45 22.11£27.04 97.1
Tax 4.16£1.09 0.00+0.00 | 2,326.85+442.89 100.0
Census | 22.18+15.14 0.00£0.00 | 722.16+1,101.19 55.9

L0 Distance

PENNNNNNNNN

Adult NY Tax Census Adult NY Tax Census
Dataset

(b) L0 distance

Dataset
(a) Combined distance

’ A DiCE B Ours B Ours-Div ‘

Figure 3: CF proximity metrics. Our methods achieve compa-
rable proximity while guaranteeing realism.

for Tax, and identical for Census. For NY, DiCE achieves higher
diversity by 7%, intuitively because the constraints in this dataset
limit realistic CF spread. Additional diversity metrics are reported
in Appendix C.2. Diversity differences are likewise significant (p <
0.001) yet within a few percent.

Table 5: CFs DPP diversity scores [32].

Method Adult NY Tax Census

DiCE 0.976+0.006 | 0.979+0.010 | 0.886+0.015 | 0.989+0.002
Ours 0.959£0.010 | 0.913+0.049 | 0.881£0.014 | 0.989+0.002
Ours-Div | 0.945£0.033 | 0.714+0.353 | 0.870+£0.027 | 0.901+0.285

Execution Time. Figure 4(a) shows CF generation times. DiCE is
fastest but produces unrealistic CFs. P&P(Vanilla) is our perturb-
and-project framework using the vanilla projection of Algorithm 2,
rebuilding the solver per projection, incurring prohibitive overhead,
e.g., 18,871s on Census. Our optimized variants, Ours(PreProc) and
Ours(Suspect), dramatically outperform P&P(Vanilla): up to 63x
faster on Census (301s and 334s vs. 18,871s). Compared to DiCE,
both variants add moderate overhead as the cost of realism: for
Ours(PreProc), 2.9x on NY, 10.5X on Adult, and 6.9X on Census
(Ours(Suspect) exhibits similar ratios).

The two optimizations offer complementary tradeoffs. PreProc
pre-builds all DC instantiations upfront (Figure 4(b)), with a one-
time cost of 1.8s (NY) to 6,168s (Census), after which projections
reuse the cached solver. Suspect, by contrast, builds constraints
on-demand by filtering to tuples relevant to the specific immutable
attribute values (Section 4), incurring no upfront cost. On Census,
where the full constraint set contains over 7M instantiations, Sus-
pect reduces this by 96.5% through filtering, achieving comparable
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runtime (334s vs. 301s) without the heavy preprocessing step. Pre-
Proc is preferable when generating CFs for many tuples, amortizing
its upfront cost; Suspect is preferable when CFs are needed for few
tuples or when preprocessing is impractical. A detailed compari-
son of bounds-building costs and constraint counts is provided in
Appendix C.3. We further study how runtime scales with dataset
size and number of constraints in Appendix C.1.

10tk E

2 10* £ F B
= F 10° L N
o 3| E E|
é 10 % E E
g 102 | | 10° 1 E
210 | 10" E

10° 10°
Adult NY Tax Census Adult NY Tax Census
Dataset Dataset

(a) CF generation runtime (b) Preprocessing time

’ A picell P&P(Vanilla) 7 Ours(PreProc) i Ours(Suspect)

Figure 4: (a) Ours guarantees realistic CFs with up to 63X
speedup over Vanilla. (b) PreProc preprocessing runtime cost.

5.3 Ablation

10t -
" 3
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g 2,0
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- 0

Adult NY Tax Census
Dataset

(b) Projection distance

Adult NY  Tax Census
Dataset
(a) Per-tuple projection runtime

’ f PreProc I Suspect B Vanilla f Best-in-Data [ Exhaust

Figure 5: (a) Per-tuple runtime: PreProc is fastest after pre-
processing; Exhaustive feasible only for Adult and NY. (b)
Projection distance: PreProc achieves near-optimal quality.

Diversity Optimization. Table 5 demonstrates the effect of our di-
versity constraints, with y = 2. Ours consistently improves diversity
over Ours-Div, most notably on NY, where the DPP score increases
from 0.714 to 0.913. Without diversity constraints, the tight fea-
sible region in NY leads to clustered projections. With diversity
constraints, Ours achieves DPP scores comparable to DiCE: within
1.7% on Adult, 0.6% on Tax, and near identical on Census. In terms
of proximity, Ours remains comparable to both Ours-Div and DiCE
(Figure 3), with less than 4% difference. The diversity optimization
incurs negligible runtime overhead (omitted from Figure 5).
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Alternative Projection Methods. Figure 5(a) evaluates projection
strategies in isolation. Using a solver without our optimizations
(Vanilla) is prohibitively slow: 8-27x slower than PreProc on Adult,
NY, and Tax, and 250% slower on Census. We also evaluate non-
solver alternatives: Exhaustive (enumerating the discretized valid
space for optimal projections) and Best-in-Dataset (returning the
closest dataset tuple matching immutable attributes). Exhaustive
is impractical, exceeding 100 minutes per projection on Adult and
12-hour limits on Tax and Census. Best-in-Dataset has 10-20%
failure rates when immutable attributes are present, and among
successful projections, 63-197% higher distance on Adult, NY, and
Census (Figure 5(b)). On Tax, where no attributes are immutable,
Best-in-Dataset achieves lower distance but is significantly slower.
We further evaluated HoloClean [41], a probabilistic data cleaning
framework; it leaves 89% (Adult) and 100% (NY) of violations un-
resolved (Appendix C.4), confirming general-purpose cleaning is
unsuitable for targeted projection.

6 Related Work

CF generation has been extensively studied in Explainable AI [24, 26,
46, 47]. A related but distinct concept, algorithmic recourse [28, 45],
specifies how to reach a different prediction through actionable in-
terventions, whereas CF explanations identify what features would
need to differ. Our work focuses on CF explanations, finding realis-
tic alternative instances, rather than prescribing action sequences.

Most lines of research [6, 15] in this context, such as DiCE which
we have discussed above, do not address the realism of resulting
CFs. Our experiments with DiCE demonstrate that realism is un-
likely to be achieved spuriously if one does not optimize for it.
Other approaches do aim at realism, there is no single notion of
realism, and they capture different, partially overlapping facets
of it. Some approaches [9, 27, 40] limit attention to instances in a
given dataset, e.g., the training set. As we have demonstrated (see
comparisons with best-in-dataset in Section 5), this may hamper
quality as the dataset may simply not include sufficiently many,
close, or diverse CF candidates. There is also a privacy concern:
explaining a prediction made for Bob through the classification
of Alice may infringe Alice’s right to privacy. A further family of
methods captures realism statistically, as closeness to a learned data
distribution, e.g. via variational autoencoders or prototypes, as in
the methods of the CARLA library [18, 19, 38, 39, 44]. To generalize
beyond the existing dataset, causal approaches [28, 29, 35] assume
either full structural causal models (SCMs), or a simple causal graph.
Both are rarely available in practice and require significant domain
knowledge. Crucially, none of these approaches guarantees a valid
CF: each optimizes closeness to the data, yet a statistically plausi-
ble instance may still violate the integrity rules the data obeys, as
we confirm experimentally. By contrast, Denial Constraints that
we use here (1) may be automatically mined (as we did in our ex-
periments using FastADC [48]) and (2) were shown in [4], in the
different context of adversarial training, to capture well the space
of valid instances. Indeed adversarial examples somewhat resemble
CFs, yet they seek a single example, with no repeated constraint
solving (thus no optimization) and no notion of diversity. The only
other works, to our knowledge, that incorporate database-style con-
straints for CF explanations are GeCo [42] and CeC [17]. Both CeC
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and GeCo support unary but not binary DCs, which significantly
hampers expressiveness, and again do not address diversity.

Beyond CFs, constraints [2] are widely used to capture data
integrity, and various formalisms have been proposed to capture
constraints. These include functional dependencies [13], condi-
tional functional dependencies [8, 21], and others. DCs generalize
these and other formalisms [7, 11]. Among them, DCs are attractive
on several counts. As a formalism, each DC is an explicit logical
rule, so whether a tuple satisfies it can be checked exactly, unlike a
learned model whose validity notion is implicit. DCs are also the
most expressive such formalism, and are accordingly adopted by
most major data-quality systems [14, 22, 41]. This is what lets us
guarantee realism: a tuple either satisfies all DCs or it does not, so
enforcing them in the projection yields zero violations by construc-
tion. The guarantee is also robust to imperfect constraints, as DCs
can be mined automatically with perfect recall [7, 11, 48], and an
overly specific mined set only narrows the admissible space, never
admitting an invalid CF, while a domain expert may add further
constraints. Beyond data cleaning, DCs are also used in consistent
query answering [3, 5], data integration, and data profiling [1].
Constraints are also extensively used in the context of data repair,
where the goal is to find (minimal) modifications to the database so
that a set of constraints holds [12, 37, 41, 43]. While our suspect-set
optimization is inspired by data cleaning literature [12], a key dif-
ference is that we focus on modifying a single tuple rather than the
entire database. Indeed, we have shown that using HoloClean [41]
for this purpose fails.

7 Conclusions

We have studied in this paper the problem of finding counterfactuals
for predictions made by ML models, constraining that the counter-
factuals are realistic as captured by Denial Constraints with respect
to a given database. We optimize for proximity and diversity in this
constrained space. We have shown that the state-of-the-art solu-
tion often yields non-realistic counterfactuals, whereas we achieve
100% realism and comparable quality with respect to proximity and
diversity. We show that a vanilla constraint solver-based solution
is not scalable, yet we are able to achieve scalability through ded-
icated optimizations. For future work, we will explore additional
optimizations as well as implementations in additional application
domains such as that of adversarial robustness.
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Realistic Counterfactual Explanations via Denial Constraints

A Proofs

PRrROOF OF PrOPOSITION 4.1. The proof is via reduction from 3-
SAT. Given a boolean CNF expression ¢, we design a relation R
whose attributes correspond to the variables of ¢. For every clause
Ci =11 VI, VI5in ¢, we design the DC: Vt. =(t.a; = by A t.ay =
by A t.as = bs) where q; is the variable of literal [;, and b; = 1 if a;
appears negatively in [;, otherwise b; = 0.

We have that ¢ is satisfiable if and only if there exists a tuple
satisfying all DCs. For one direction, consider a satisfying assign-
ment to ¢, and design a tuple with 1 in attributes corresponding to
variables set to true, and 0 elsewhere. Since the assignment satis-
fies every clause, the tuple satisfies every DC. Conversely, a tuple
satisfying all DCs translates into a truth assignment satisfying all
clauses. O

B Additional Experimental Details

Table 6: Dataset characteristics: number of tuples, attributes,
and DCs.

Attr. Types

Dataset Tuples  Attributes Constraints
Cat  Num

Adult 30,014 11 8 3 6

NY-Housing 2,996 6 3 3 9

Tax 99,904 5 4 8

Census 94,786 39 28 11 200

The Adult-Income dataset [31] contains demographic and edu-
cational attributes; the task is to predict whether income exceeds
$50,000. The NY-Housing dataset [20] contains New York real estate
properties; the task is to classify whether price exceeds $1,000,000.
The Tax dataset [48] is synthetic and commonly used in DC discov-
ery research; the task is to predict whether tax rate exceeds 5%. The
Census-Income dataset [30] is similar to Adult with more recent
data and richer attributes.

B.1 Immutable Attributes

Immutable attributes determine which attributes CFs are allowed to
modify, focusing the search on relevant changes. For each dataset,
we designated a representative set: demographic attributes such as
age, race, and sex for Adult and Census, and structural attributes
such as property type and sublocality for NY-Housing. These choices
reflect attributes that are naturally fixed in each domain; other rea-
sonable choices are possible and our framework supports any such
designation. For Tax, no attributes were designated as immutable.

B.2 Constraint Selection

For Adult and NY, we selected meaningful binary constraints from
those mined by FastADC and manually crafted unary constraints
based on domain knowledge reflected in the data. For Tax, we used
all mined constraints. For Census, which produced 2,566 constraints,
we randomly sampled 200 to maintain tractability while preserving
constraint diversity. Example DCs appear in Table 1.
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B.3 Implementation Details

For each dataset, we train a neural network classifier with a single
hidden layer (100 units, ReLU activation, softmax output) imple-
mented in PyTorch. All experiments ran on a server with Intel Xeon
Gold 6252 CPU (2.10 GHz, 96 cores) and 1TB RAM, running Ubuntu
18.04 LTS.

C Additional Experiments
C.1 Projection Scalability
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Figure 6: Scalability w.r.t. dataset size (Adult dataset).

Runtime vs Dataset Size. Runtime scales linearly with dataset
size for both variants. Figure 6 shows Adult results: PreProc com-
pletes projections in 0.35s at 30K tuples while Suspect requires
2.18s. The linear scaling stems from constraint instantiation: each
database tuple potentially participates in DC violations, requiring
assertions proportional to relation size. Pre-processing time and
memory follow the same linear pattern. Notably, Suspect consumes
significantly less memory than PreProc despite similar runtime
costs, as it filters constraints at projection time.
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Figure 7: Scalability w.r.t. number of constraints (Tax dataset).

Runtime vs Number of Constraints. Runtime increases linearly
with the number of denial constraints, as demonstrated on Tax
(Figure 7). PreProc projection time grows from 0.42s with 1 con-
straint to 0.58s with 8 constraints, while Suspect increases from
0.99s to 5.41s. Memory scales similarly, from 80MB to 159MB for
pre-processing. Suspect shows steeper runtime growth because it
cannot amortize constraint compilation, rebuilding the optimizer
for each projection.
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Figure 8: Suspect-set filtering evaluation. (a) Suspect reduces
bounds-building time by up to 35X%. (b) Suspect reduces the
number of DC instantiations by up to 96.5%.

Table 8: HoloClean projection results. Violations remain
largely unresolved.

Dataset | Method | Avg. Viol. | Unary Viol. | Tuple Conf. | Unreal. %

Adult Input 4.18+0.71 0.63+£0.48 | 575.27£538.55 100.0
HC 3.72£1.05 0.63+0.48 | 366.09+476.22 89.0

NY Input 1.40+1.11 1.00+1.00 77.00+229.33 100.0
HC 1.40+1.11 1.00£1.00 | 77.00+£229.33 100.0

C.2 Additional Diversity Metrics

Table 7 reports additional diversity metrics beyond the DPP scores
presented in the main paper. Average pairwise distance (Pair. Div.)
measures the mean dist,z, between all CF pairs, capturing overall
spread. Minimum pairwise distance (Min. Dist. Div.) reports the
smallest distance between any two CFs, indicating whether any
pair is overly similar [15, 36]. Both are computed using dist,g
(Equation 4).

The trends are consistent with the DPP results: Ours achieves
pairwise diversity comparable to DiCE on most datasets, with the
largest gap on NY due to the tight feasible region imposed by con-
straints. Our framework currently optimizes for DPP diversity;
adapting the diversity constraints in Section 4 to directly optimize
alternative diversity measures such as pairwise or minimum dis-
tance is a natural direction for future work.

Table 7: Full diversity metrics. DPP: Determinantal Point
Process diversity [32]; Pair. Div.: average pairwise distance;
Min. Dist. Div.: minimum distance between any CF pair.

Dataset | Method DPP Pair. Div. | Min. Dist. Div.
DiCE 0.976£0.006 | 21.71+3.49 12.33+2.37
Adult Ours 0.959+0.010 | 16.13+2.27 9.00+2.62
Ours-Div | 0.945+0.033 | 15.95+2.67 8.03+3.34
DiCE 0.979+0.010 | 38.64£10.53 10.76+5.14
NY Ours 0.913+0.049 | 21.40+8.22 5.05+2.68
Ours-Div | 0.714£0.353 | 21.34+11.95 3.23+£2.35
DiCE 0.886+0.015 8.2310.69 5.00+0.95
Tax Ours 0.881+£0.014 7.99£0.56 4.91+1.00
Ours-Div | 0.870+0.027 7.99+0.54 4.18+1.27
DiCE 0.989+0.002 | 28.76+2.23 20.97+2.87
Census Ours 0.989£0.002 | 29.45+3.09 20.60+2.42
Ours-Div | 0.901+0.285 | 31.88+3.25 20.33+6.85

Avia Asael, Daniel Deutch, Nave Frost, & Amir Gilad

C.3 Suspect-Set Optimization Evaluation

Figure 8 evaluates the Suspect-set filtering optimization described
in Section 4. Figure 8(a) compares bounds-building time: Suspect
reduces this step by 6-35X compared to PreProc, with the largest
gain on Census (176.8s vs. 6,168s). For Tax, both methods produce
identical bounds since all tuples are suspects. Figure 8(b) shows the
number of optimizer bounds (DC instantiations). Suspect reduces
instantiations by up to 96.5% on Census (246K vs. 7.19M), explaining
the runtime gains. On datasets with fewer tuples or less selective
immutable attributes, the reduction is smaller but still substantial
(e.g., 85% on Adult and NY).

C.4 Projection via HoloClean

We evaluated HoloClean [41], a probabilistic data cleaning frame-
work, as an alternative for projection. Table 8 shows that HoloClean
leaves 89% (Adult) and 100% (NY) violations unresolved, confirming
general-purpose cleaning is unsuitable for targeted tuple projection.

C.5 Custom Distance Functions

Our projection algorithm supports arbitrary distance functions en-
coded in the solver. We evaluate three distance functions on the

Adult dataset: L0 (counting changed attributes for both categorical
and numerical), dist,4 (Equation 4), and a custom function with

domain-specific categorical distances. The custom function encodes
semantic transition costs; for example, changing occupation from
Farming_fishing to Prof_specialty has distance 4 (reflecting a sig-
nificant career change), while transitioning marital status from
Widowed to Never_married is assigned oo (impossible).

Table 9: Projection with different distance functions on Adult.
Each row optimizes the distance function in the first column;
remaining columns show the resulting projection distances
under all three metrics.

Optimized | Runtime (s) | distsgg | LO | Custom
Lo 0.17 8.82 | 2.55 191.03
distagy 0.35 521 255 |  96.54
Custom 1.13 5.21 | 2.55 5.68

Table 9 shows that each function successfully optimizes its target
metric. Runtime scales with distance function complexity: L0 (sim-
ple counting) is fastest at 0.17s, dist,gy (MAD-normalized) requires
0.35s, and the custom function (pairwise categorical lookups) takes
1.13s. These results demonstrate that our solver-based projection is
robust to the choice of distance function, with runtime proportional
to encoding complexity.
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